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ABSTRACT 
 
Hiner, Warren W. MSAE, Embry-Riddle Aeronautical University, May 2015. Numerical 
Investigation of Tonal Noise on a Transitional Airfoil Under Varying Conditions. 
 
The generation of discrete acoustic tones is a problem of interest in transitional airfoils.  
Such tones exist for moderate Re below 2,000,000 and for low to moderate angles of 
attack.  The purpose of this study is to use linear stability theory to study the growth of 
instabilities on the pressure and suction surfaces of airfoils for varying Re between 
144,000 and 468,000 and angles of attack between 0˚ and 12˚.  High accuracy 2D 
simulations based on an Implicit Large Eddy Simulation (ILES) code are conducted for a 
NACA0012 airfoil for varied conditions, and linear stability analysis is performed to 
predict amplification rates of disturbances within the boundary layers.  The acoustic 
spectra and surface root mean square (RMS) pressure obtained from the high accuracy 
simulations are analyzed in conjunction with the stability results in order to explain the 
process of tone generation. 
Our results indicate that the growth of instability waves in the flow-separation 
region is a necessary condition for the generation of tones, but the selected tonal 
frequencies are governed not only by vortex shedding, but also through a feed-back loop 
that is determined, in addition to the flow instability, by the trailing-edge scattering and 
the receptivity mechanisms. The predicted tonal frequency coincides with that of the 
shedding frequency and is lower than that predicted by Linear Stability Theory (LST) for 
maximum amplifications.  
The tones disappear at higher incidence angles because the separation region on 
the suction side decreases. This leads to weaker instability-wave amplification and its 
xii  
dependency on frequency weakens, thus disrupting the feed-back loop mechanism.  
Additionally, flow unsteadiness at the trailing edge inhibits consistent trailing edge 
scattering of acoustic waves. 
At lower Re and moderate angles of attack, the suction surface is the primary 
surface responsible for the tones because of its larger separation bubble and stronger 
instability waves. As the Re increase, the separation region on the suction side 
diminishes, while instability growth on the pressure surface becomes stronger.  Thus, the 
role of the suction side relative to that of the pressure in tone formation decreases with 
increasing Re.  
1  
1. Introduction 
1.1. Motivation 
Airfoils operating in the transitional regime with Re between 50,000 and 2,000,000 
were found to be associated with discrete tonal noise. (e.g. Clark, 1971). There are 
several technologically-important applications that operate in this Re range. Examples 
include wind turbines, small aircraft, UAVs, fans, and rotors.  For general aviation, it is 
imperative that noise mitigation techniques are developed to reduce community noise-
pollution.  For UAV reconnaissance platforms, it is important to suppress the noise to 
maintain stealth during operation.  Therefore, the subject of this work is to address the 
mechanisms by which this tonal noise is generated.  
1.2. Airfoil Noise 
Airfoil noise can be classified as either broadband or tonal.  Broadband noise is 
characterized by relatively homogenous distribution of sound over a range of frequencies.  
For turbulent airfoils, Brooks et al. (1989) have suggested that eddies, associated with the 
turbulent boundary layer, when convected past an airfoil with a sharp trailing edge are 
scattered as acoustic waves. This results in a broadband noise.  If the trailing edge is 
blunt, it results in a pattern of shedding of coherent vortices.  The pressure fluctuations of 
these vortices interact with the trailing edge to produce a higher intensity narrow-band 
tone. If the angle of attack is large, flow separation occurs and the flow becomes highly 
unsteady.  The scale of turbulence at the trailing edge increases as the angle of attack 
increases, resulting in increased broadband noise at the trailing edge from the shedding of 
these vortices into the wake. In deep stall at very high angles of attack, the flow over the 
2  
entire suction surface is separated and noise radiates from the entire chord.  The majority 
of noise contribution is broadband, but can still exhibit strong low frequency peaks due to 
the shedding of strong coherent vortices into the wake similar to the behavior of a bluff 
body. 
 
Figure 1.1. Example of tonal and broadband spectrums. 
 
1.3. Characteristics of Transitional Airfoil Noise 
The focus of the present study is on transitional-airfoil noise. It has been shown 
that if a laminar or transitional boundary layer exists on at least one side of an airfoil, 
discrete tones can be observed (Brooks et al. 1989).  Boundary-layer instabilities moving 
along the airfoil roll up into vortices and are shed in the wake.  Several authors, 
mentioned below, have suggested that there exists a feedback loop in which acoustic 
waves generated at the trailing edge or in the near wake region propagate upstream to 
0
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interact with the boundary layer disturbances, thus completing the loop. 
 
Figure 1.2. Noise from transitional vortex shedding (Brooks et al., 1989). 
 
The tonal noise is characterized by several unique features:  
1) Multiple Tones: When tonal noise is present for a transitional airfoil, it can be 
highly amplified above the background, as high as 40dB (Nash et al., 1999).  It also 
possesses a unique spectrum that is characterized by multiple peak frequencies 
equidistantly spaced around a central peak frequency, shown in Figure 1.3.   
 
Figure 1.3. Tonal peaks in acoustic spectrum (Nash et al., 1999). 
 
2) Ladder-Structure:  Another unique characteristic of this noise mechanism is 
the existence of a ladder-type structure of frequency and velocity dependence.  That is, as 
4  
the velocity increases for a given airfoil, the scattering frequencies increase as a function 
of 𝑈0.8 on the “rungs” of the ladder.  Plotting a line through the peak frequencies gives a 
relationship of 𝑈1.5.  These relationships can be seen in Figure 1.4. 
 
Figure 1.4. Ladder structure of tones (Petterson et al., 1973). 
 
3) Tonal Envelope: Arcondoulis et al., 2010 have collected the past experimental 
data on transitional airfoil tonal noise. Their figure, shown here as Figure 1.5, indicates 
that there is a tonal envelope for the range of Re and angle of attack. For transitional 
airfoils, tones are only observed within this envelope.  
5  
 
Filled markers represent that a tone was present, while unfilled markers represent 
that a tone was not present.  Data sources: circles (Arcondloulis et al., 2009), 
triangles (Paterson et al., 1973), inverted triangles (Arbey and Bataille, 1983), 
squares, (Desquesnes et al., 2007), diamonds (Lowson et al., 1994), Tonal 
envelope and maximum amplitude line (Lowson et al., 1994). 
 
Figure 1.5. Envelope of tonal noise (Arcondoulis et al., 2010). 
1.4. Proposed Theories For Explaining Tonal Noise 
There have been many proposed explanations for the generation of tonal noise on 
transitional airfoils with sharp trailing edges.  
 Patterson (1973), who had originally observed the ladder type structure, noted 
that the noise resembled the discrete-frequency vortex shedding associated with bluff 
bodies and proposed that a similar process was responsible for the observations of the 
airfoils. He formulated a scaling law based on a Strouhal number of 0.2, associated with 
bluff body shedding, referenced to twice the boundary layer thickness at the trailing edge.  
The result is the scaling law of 𝑈1.5.  However; Patterson offered no explanation for the 
multiplicity of tones or the discrete jumps in frequency and 𝑈0.8 power relationship. 
Tam (1974) disagreed with Patterson’s explanation, pointing out that the vortex 
6  
shedding explanation was inadequate to explain the observations.  Tam proposed that the 
ladder-type structure was due to an aerodynamic feedback loop. This is illustrated in 
Figure 1.6, in which disturbances originating at the sharp trailing edge travel downstream 
and induce lateral oscillations in the wake.  Upon reaching a large enough magnitude, 
acoustic radiation is emitted and travels upstream, forcing the pressure side boundary 
layer to oscillate, thus completing the feedback loop.  The alternative scaling law 
proposed by Tam references the length between the trailing edge and the acoustic source 
in the wake, whereas Patterson used the TE boundary layer thickness as the reference 
length. 
 
 
Figure 1.6. Feedback model proposed by Tam (1974). 
 
Arbey and Bataille (1983) proposed another explanation by observing that there 
was significant similarity between broadband sound in the far-field with wall pressure 
spectrum near the trailing edge, which exhibited the same peak frequency.  Their 
conclusion was that the broadband noise contribution was due to the growth of 
7  
instabilities in the boundary layer and their diffraction as acoustic waves at the trailing 
edge, similar to the generation of noise in a turbulent boundary layer.  They also 
proposed that instability formation began at the maximum velocity point on the airfoil 
surface due to the beginning of the adverse pressure gradient in this region.    In this 
model, shown in Figure 1.7, a mode becomes highly amplified if the acoustic waves from 
the trailing edge are in phase with the disturbances of the same frequency at the 
maximum velocity point.  The scaling law formulated by Arbey and Bataille is a 
modified form of Tam’s law with the reference length being the distance between the 
trailing edge and maximum velocity point on the airfoil. 
 
Figure 1.7. Feedback model proposed by Arbey & Bataille (1983). 
 
Nash et al. (1999) using advanced laser-Doppler anemometry (LDA) techniques, 
found that the adverse pressure gradient on the pressure side leads to the development of 
inflectional boundary velocity profiles that develop into a region of separated flow near 
the trailing edge.  As shown in Figure 1.8, an instability propagating downstream 
becomes massively amplified in this region and rolls up into a vortex.  These vortices 
interact with the trailing edge to form a scattered oscillating field around the airfoil with 
8  
the same frequency as the most amplified instability.  They proposed that this oscillating 
field provides the feedback mechanism to select the most amplified instability, and thus 
the observed discrete tone.  Additionally, it was shown that the observed tone is very 
close to the most amplified disturbance frequency predicted by linear stability theory on 
the pressure side.  These stability results will be discussed further in Section 2.5. 
 
 
Figure 1.8. Feedback model proposed by Nash et al. (1999) 
 
Desquesnes et al. (2007) extended Nash et al.’s (1999) work further by 
performing 2D direct numerical simulation (DNS) in order to explore the structure and 
role of flow on the suction surface, which had previously been neglected. They found 
that, as in the separation region shown on the pressure side by Nash et al., when tones are 
present there exists a point on the suction surface that is near separation which is 
conducive to the growth of instabilities.  They showed by linear stability analysis that 
while the predicted most- amplified frequency on the pressure surface does correspond 
very closely with observed tone, there also exist highly amplified frequencies on the 
suction side as well a slightly different peak frequency.  Therefore, it was proposed that 
an interaction between separate feedback loops on the upper and lower surfaces may have 
a role in the existence of multiple tones.  The model proposed by Desquesnes et al., 
9  
shown in Figure 1.9. It is very similar to that proposed by Nash et al. (1999), but includes 
a secondary loop that involves the amplification of Tollmien-Schlichting (T-S) waves on 
the suction surface of the airfoil. 
 
 
Figure 1.9. Feedback model proposed by Desquesnes et al. (2007). 
 
1.5. Objective of Current Work 
It had been previously shown (Paterson, 1973) that if the pressure side boundary 
layer was tripped, forcing it to become turbulent sufficiently early, the tonal noise could 
be eliminated. The work of Desquesnes et al. (2007) revealed that the pressure surface 
may have a hitherto unexplored role in the feedback mechanism that generates 
transitional airfoil tonal noise.   However, recent experimental work performed by M. 
10  
Roger in Golubev et al. (2014) has shown that even if the pressure side or suction side is 
tripped, tones can still be observed.  Figure 1.10 gives a contour map of Decibel levels 
for a range of velocities and frequencies.  It can be seen that the tonal ladder structure is 
still observed when either the pressure side or the suction side is tripped.  This leads to 
the speculation that at lower Re and moderate angles, sound generation and particularly 
the multiplicity of tones are related to processes on the suction surface, while interactions 
on the pressure surface seem dominant at higher Re.  
 
Figure 1.10. Effect of one-sided tripping (Golubev et al., 2014). 
 
The goal of the present research, is therefore, to use linear stability analysis to 
further investigate the roles of the suction and pressures surfaces in the mechanism of 
tonal noise generation.  To this end, a parametric study is carried out for several airfoils at 
Re between 144,000 and 468,000.  This is done for angles of attack ranging from 0˚ to 
12˚. The flow regime being investigated corresponds with the red lines in Figure 1.11. 
Thus, some of the conditions are within the expected range for tonal-noise generation and 
others are outside of it.    Linear stability analysis is performed in order to predict the 
amplification of a range of frequencies on the pressure and suction surfaces of each 
11  
airfoil.  These predictions are compared with the observed near and far-field acoustic 
spectrum, as well as other data gathered from ILES code results.  The presence and effect 
of separation regions on both of the surfaces are of particular interest in order to 
understand the roles of the pressure and suction surfaces in the feedback mechanism. 
 
 
Filled markers represent that a tone was present, while unfilled markers represent 
that a tone was not present.  Data sources: circles (Arcondloulis et al., 2009), 
triangles (Paterson et al., 1973), inverted triangles (Arbey and Bataille, 1983), 
squares, (Desquesnes et al., 2007), diamonds (Lowson et al., 1994), Tonal 
envelope and maximum amplitude line (Lowson et al., 1994).  The red lines are 
the conditions examined in the present work. 
 
Figure 1.11. Scope of current study. 
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2. Numerical Models 
In this work we use three computational codes. The first one is an ILES code that 
provides the flow field. The flow field provides needed information such as the time-
averaged flow, the RMS of the flow fluctuations, the location of flow separation, and the 
noise sources. The Ffowcs-Williams Hawkings (FWH) Code is then used to obtain the 
acoustic far-field based on the data provided by the ILES code. The linear stability code 
is then used (with the input from the ILES code) to see if it can explain the growth of the 
surface RMS pressure and the tonal noise. These codes are discussed below. 
2.2. The ILES Code 
We use a high-accuracy compressible viscous solver FDL3DI (Visbal and 
Gaitonde, 2002), which was developed at AFRL. The code employs a compact finite-
difference scheme to discretize the spatial derivatives in the governing equations. For the 
present computation, the 6th order compact scheme (C6) is used (Lele, 1992). Higher-
order methods are desirable in aeroacoustics, and the compact methods provide high-
order accuracy using a small stencil. To calculate the values at point i the following 
formula is used: 
𝛼𝜙𝑖−1
′ + 𝜙𝑖
′ + 𝛼𝜙𝑖+1
′ = 𝑏
𝜙𝑖+2 − 𝜙𝑖−2
4
+ 𝑎
𝜙𝑖+1 − 𝜙𝑖−1
2
 (2.1) 
Where α=0.376374, a = 1.5842493, b= 0.1684986. This scheme is implicit in space.  For 
a 6th order method, a tri-diagonal system needs to be solved.  Near the boundaries the 
order of the scheme is reduced to fourth-order compact (Gaitonde and Visbal, 1998). The 
time marching is accomplished by incorporating a second-order iterative, implicit 
approximately factored method described in (Visbal and Gaitonde, 2002). The compact 
13  
schemes, like other centered schemes, are susceptible to numerical instabilities. These 
numerical instabilities can arise from non-uniformity in the grid, the boundary conditions, 
and nonlinearity in the fluid flow. The code therefore uses a high-order implicit filtering 
technique. The filter is chosen to be at least two orders of accuracy higher than the 
difference scheme being utilized. The formula for the interior filtering is very similar to 
the equation for interior solutions, 
𝛼𝑓?̂?𝑖−1 + ?̂?𝑖 + 𝛼𝑓?̂?𝑖+1 = ∑
𝑎𝑛
2
(𝜙𝑖+𝑛 − 𝜙𝑖−𝑛) 
𝐹
𝑛=0
 
(2.2) 
The ?̂? values are denoting filtered values while the 𝜙 is the unfiltered value. The 
order of accuracy of this filtering scheme is dependent upon the stencil size. 𝛼𝑓 denotes 
the filtering coefficient, which is chosen to satisfy the inequality given by -0.5 < 𝛼𝑓 < 0.5 
where a higher value of 𝛼𝑓 corresponds with less filtering, and setting 𝛼𝑓 = 0.5 would 
imply no filtering.  In these simulations was taken to be 𝛼𝑓 = 0.4.  For an 8
th, order 
filtering a 9-point stencil is required. The F coefficients or a0, a1, aN, are derived using 
Taylor- and Fourier-series analyses and these values are listed in Gaitonde and Visbal 
(1998), who also discusses the modifications to the filter near the boundaries.  
Note that the governing equations are represented in the original unfiltered form, 
used unchanged in laminar, transitional, or fully turbulent regions of the flow. The 
resulting implicit procedure employs the high-order filter operator.  The resulting filter 
thus selectively damps the poorly resolved, high-frequency content of the solution. This 
qualifies the codes as ILES. 
In the numerical procedure, all variables are non-dimensionalized by the airfoil 
chord c and freestream flow density ρ∞ and flow velocity u∞. The employed numerical 
14  
approach was previously tested against various benchmarks and was successfully 
employed in flow control predictions, e.g., by Rizzetta et al (1999). The current version 
of the code employs the developed, and successfully tested, capability for the high-
fidelity analysis of unsteady flow-structure interactions.   
 At high Re, the transition process becomes 3D.  However, at low-to-moderate 
Re, for which the current results are conducted, computational results in Golubev et al. 
(2014) indicate that the differences between 2D & 3D are minimal for such Re. 
   
2.3. The Acoustic Field Computation 
Direct computation of acoustic data from the full Navier-Stokes equations 
requires a very fine mesh and accurate schemes in order to sufficiently resolve the 
acoustic fluctuations.  This can be done relatively efficiently when modeling the sources 
of aerodynamic noise and the near-field region, but can become computationally 
expensive when attempting to predict sound characteristics at distances away from the 
source. Therefore, the problem must be divided into two calculations.  The first is the 
CFD simulation of the source and near field, and the second is the prediction of the far-
field sound via a surface integral method (Lyrintzis, 2003).  One of the serface integral 
methods is the Ffowcs-Williams and Hawkings (FWH) method.  This method is used 
herein to calculate the radiated sound based on the pressure near-field obtained by the 
ILES code. The FWH equation is an inhomogeneous wave equation derived by 
manipulating the continuity equation and the Navier-Stokes equations (Ffwocks-Williams 
& Hawkings, 1969). For a solid control surface, the surface integrals represent the 
contributions from monopole (thickness) (𝑝𝑇
′ (𝑥, 𝑡) term shown below) and dipole 
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(loading) acoustic sources (𝑝𝐿
′ (𝑥, 𝑡) term shown below), whereas the volume integrals 
represent quadruple (volume) sources in the region outside the control surface. For a 
permeable surface the first two terms lose their physical meaning, but the last volume 
integral term still denotes the quadruples outside the permeable surface. The method is 
based on solving the wave equation 
1
𝑎0
2
𝜕2𝑝′
𝜕𝑡2
− ∇2𝑝′
=
𝜕2
𝜕𝑥𝑖𝜕𝑥𝑗
(𝑇𝑖𝑗𝐻(𝑓)) −
𝜕
𝜕𝑥𝑖
{[𝑃𝑖𝑗𝑛𝑖 + 𝜌𝑢𝑖(𝑢𝑛 − 𝑣𝑛)]𝛿(𝑓)}
+
𝜕
𝜕𝑡
{[𝜌0𝑣𝑛 + 𝜌(𝑢𝑛 − 𝑣𝑛)]𝛿(𝑓)} 
(2.3) 
𝑇𝑖𝑗 = 𝜌𝑢𝑖𝑢𝑗 + 𝑃𝑖𝑗𝑎0
2(𝜌 − 𝜌0)𝛿𝑖𝑗 (2.4) 
𝑃𝑖𝑗 = 𝑝𝛿𝑖𝑗 − 𝜇 [
𝜕𝑢𝑖
𝜕𝑥𝑗
+
𝜕𝑢𝑗
𝜕𝑥𝑖
−
2
3
𝜕𝑢𝑘
𝜕𝑥𝑘
𝛿𝑖𝑗] (2.5) 
 
If we assume that the control surface contains all acoustic sources, the volume integrals 
outside this surface can be dropped, and the solution in the time domain becomes (for a 
stationary permeable surface): 
𝑝′(𝑥, 𝑡) = 𝑝𝑇
′ (𝑥, 𝑡) + 𝑝𝐿
′ (𝑥, 𝑡) (2.6) 
4𝜋𝑝𝑇
′ (𝑥, 𝑡) = ∫ [
𝜌0(𝑈?̇? + 𝑈?̇?) 
𝑟
]
𝑟𝑒𝑡𝑓=0
𝑑𝑆 + ∫ [
𝜌0𝑈𝑛[𝑟 + 𝑎0(𝑀
2)] 
𝑟2
]
𝑟𝑒𝑡𝑓=0
𝑑𝑆 
(2.7) 
4𝜋𝑝𝐿
′ (𝑥, 𝑡) =
1
𝑎0
∫ [
𝐿?̇?
𝑟
]
𝑟𝑒𝑡𝑓=0
𝑑𝑆 + ∫ [
𝐿𝑟 − 𝐿𝑀
𝑟
]
𝑟𝑒𝑡𝑓=0
𝑑𝑆
+
1
𝑎0
∫ [
𝐿𝑟{𝑎0(𝑀𝑟 − 𝑀
2}
𝑟2(1 − 𝑀𝑟)3
]
𝑟𝑒𝑡𝑓=0
𝑑𝑆 
(2.8) 
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𝑈𝑖 = 𝑣𝑖 +
𝜌
𝜌0
(𝑢𝑖 − 𝑣𝑖) 
(2.9) 
𝐿𝑖 = 𝑃𝑖𝑗𝑛?̂? + 𝜌𝑢𝑖(𝑢𝑛 − 𝑣𝑛) (2.10) 
 
The kernels of the integrals are computed at the corresponding retarded times,𝜏, defined 
as follows, given the receiver time, 𝑡 and the distance to the receiver, 𝑟 then 
𝜏 = 𝑡 −
𝑟
𝑎0
 
During the computation, the near filed variables computed by the ILES code are stored at 
the FWH surface every 44 steps. The pressure fluctuations at the observer’s locations are 
then computed by the FWH surface integral acoustic method. 
 
2.4. The Linear Stability Calculations 
2.4.1. The Linear Stability Theory 
Linear stability analysis is a tool that allows for the prediction of disturbance 
growth rates within a boundary layer or shear layer flow through a solution of the 
linearized Navier Stokes equations with certain applied assumptions.  The disturbance 
vector 𝜙 is defined as 
 𝜙 = (𝑝′, 𝑢′,  𝑣′,  𝑤′,  𝑇′)
𝑇
 (2.11) 
Linear Stability Theory assumes that the mean flow evolves significantly more 
slowly in the streamwise direction than the wall-normal direction.  Therefore, the flow at 
a given location is quasi-parallel.  The disturbance mode shape, X, is assumed to have the 
form shown in (2.12) where ψ is an amplitude function.  The disturbance vector is 
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assumed to have the form shown in (2.13) where ω is the frequency, β is the spanwise 
wave number and α is the streamwise wave number that is a function of beta and omega.  
For spatial analysis, ω and β are specified by the user, and α is the variable of interest in 
the numerical solution. 
 𝛸(𝑥, 𝑦) = 𝜓(𝑦)𝑒𝑖𝛼𝑥 (2.12) 
 𝜙(𝑥, 𝑦, 𝑧, 𝑡) = 𝜓(𝑦)𝑒𝑖(𝛼𝑥+𝛽𝑧−𝜔𝑡) (2.13) 
With        𝜔 =
2𝜋𝑙
𝑢𝑒
𝑓 (2.14) 
        𝛽 =
2𝜋
𝜆𝑧
 (2.15) 
        𝛼 = 𝛼(𝜔,  𝛽) (2.16) 
where ω is the temporal frequency and α is the streamwise wavenumber at a given 
location.  Applying this assumption with a known set of mean flow profiles, the 
linearized Navier Stokes equations can be solved in order to obtain information about 
disturbances evolving within the flow.  For this application, a spatial analysis is desirable 
in order to determine the disturbance growth rate at a given location on the airfoil surface.  
Therefore, α is variable of interest for a known set of frequencies.  In this case, α is a 
complex number 
 𝛼 = 𝛼(𝜔,  𝛽) = 𝛼𝑟 + 𝑖𝛼𝑖 (2.17) 
 
where αr is the real spatial wavenumber and –αi is the instantaneous growth rate at 
a given streamwise location. 
Knowing the growth rate at each location, it is possible by integration to obtain 
the total growth rate, N, for a disturbance at a given frequency. 
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𝑁 = ln (
𝐴
𝐴0
) = ∫−𝛼𝑖
𝑥
𝑥0
𝑑𝑥 (2.18) 
where A0 is the initial disturbance amplitude, and A is the amplitude of the disturbance at 
a given streamwise location.  The present study will primarily present the total 
amplification in this form, although some works discussed represent total amplification 
simply as A/A0, which is equivalent to e
N.  Figure 2.1 demonstrates the disturbance 
growth in terms of the neutral stability curve. 
 
Figure 2.1. Explanation of instability growth. 
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The curve in the upper diagram of Figure 2.1 represents the line of neutral 
stability in the plane of chordwise location (x) and frequency (f).  The region outside of 
this line is the stable region where all disturbances are damped and do not grow.  The 
space inside of this line the unstable region where disturbances can become amplified.  
Consider a disturbance of arbitrary frequency f1 moving downstream from the leading 
edge.  This disturbance will remain damped until it reaches the first leg of the neutral 
stability curve at point x0, where it has some initial amplitude A0.  Moving past this point, 
the disturbance enters the unstable region where it will continue to grow until crosses the 
second leg of the curve at point x1, where it will once again become damped or saturated. 
 
2.4.2. The Linear Stability Code, LASTRAC 
We use here a linear stability code, LASTRAC developed by NASA Langley 
Research Center (Chang, 2004). The coordinate system employed by LASTRAC is a 
body-fitted system with x in the streamwise direction, y in the wall-normal direction, and 
z in the spanwise direction. The governing equations for this type of stability analysis are 
the linearized nondimensional Navier Stokes equations.  The starting point is 
nondimensional non-linearized form of the Navier Stokes equations and the equation of 
state. To create the linearized form of the equations, the flow parameters are separated 
into two components:  the mean laminar flow and the disturbance fluctuation, denoted by 
?̅? and 𝑞′ respectively. 
 𝑞 = ?̅? + 𝑞′ (2.7) 
The flow parameters, in their new form substituted into the non-dimensional 
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Navier Stokes Equations, and the mean flow equations are subtracted out so that only the 
governing equations for the disturbances remain.  The new, linearized equations are 
shown in (2.8) 
 
Γ
𝜕𝜙
𝜕𝑡
+
𝐴
ℎ1
𝜕𝜙
𝜕𝑥
+ 𝐵
𝜕𝜙
𝜕𝑦
+
𝐶
ℎ3
𝜕𝜙
𝜕𝑧
+ 𝐷𝜙   = 
1
𝑅0
(
𝑉𝑥𝑥
ℎ1
2
𝜕2𝜙
𝜕𝑥2
+
𝑉𝑥𝑦
ℎ1
𝜕2𝜙
𝜕𝑥𝜕𝑦
+ 𝑉𝑦𝑦
𝜕2𝜙
𝜕𝑦2
+
𝑉𝑥𝑧
ℎ3
𝜕2𝜙
𝜕𝑥𝜕𝑧
+
𝑉𝑦𝑧
ℎ3
𝜕2𝜙
𝜕𝑦𝜕𝑧
+
𝑉𝑧𝑧
ℎ3
2
𝜕2𝜙
𝜕𝑧2
) 
 
(2.8) 
In this equation, 𝜙 is the disturbance vector containing the fluctuations in 
pressure, velocity, and temperature, and the coefficient matrices Г, A, B, C, D, and Vij are 
the Jacobians of the flux vectors, similar to the typical CFD form of the Navier Stokes 
Equations. 
 𝜙 = (𝑝′, 𝑢′,  𝑣′,  𝑤′,  𝑇′)
𝑇
 (2.9) 
 
By substituting the normal form of the disturbance discussed above into the 
linearized Navier Stokes Equations, applying the assumptions of linear stability theory, 
and neglecting viscous terms below the order of 1/R0
2 , the governing equations take the 
form shown below.   
 
(𝐵 +
𝑖𝛽𝑉𝑦𝑧
ℎ3𝑅0
−
𝑖𝛼𝑉𝑥𝑦
ℎ1𝑅0
)
𝑑𝜓
𝑑𝑦
+ (𝐷 − 𝑖𝜔Γ +
𝑖𝛼𝐴
ℎ1
+
𝛼2𝑉𝑥𝑥
ℎ1
2𝑅0
−
𝑖𝛽𝑉𝑥𝑧
ℎ3𝑅0
+
𝑖𝛽𝐶
ℎ3
+
𝛽2𝑉𝑧𝑧
ℎ3
2𝑅0
)𝜓
=
𝑉𝑦𝑦
𝑅0
𝑑2𝜓
𝑑𝑦2
 
(2.15) 
21  
 𝛼 = 𝛼(𝜔,  𝛽) = 𝛼𝑟 + 𝑖𝛼𝑖 (2.16) 
The imaginary component is of the most interest because the sign of the 
amplification rate determines whether or not a mode is stable or unstable.  It is unstable if 
–αi is less than 0. 
 
Boundary Conditions: The stability problem requires that boundary conditions 
be given at the ends of the domain in the wall-normal direction.  At the wall, the no slip 
condition is used. 
?̂? = 𝑣 = ?̂? = ?̂? =  0 
The Dirichlet boundary condition is applied in the free stream. 
?̂? = 𝑣 = ?̂? = ?̂? =  0, 𝑦 → ∞ 
 
Discretization and Solution: In LASTRAC, the equations are discretized via a 
first-order scheme in the streamwise direction and a fourth-order central difference 
scheme in the wall-normal direction.  Near the boundaries however, the fourth-order 
scheme is replaced with a second-order scheme.  The solution is then found as a two-step 
process.  In the first step, viscous terms are neglected to recast the equation in a simpler 
linear form that can be solved an eigenvalue algorithms.  The global eigenvalue spectrum 
obtained from these solvers will contain all discrete modes as well as the continuous 
spectrum.  Unstable modes are identified, but they are not exact because of the viscous 
terms that were neglected. 
Once the global eigenvalues are obtained, a local eigenvalue search is performed 
using the results from the global search as a starting point for using the iterative 
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Newton’s method with the exact governing equations. 
 
𝛼𝑛+1 = 𝛼𝑛 − 𝜏𝑛 (
𝜕𝜏
𝜕𝛼
)
𝑛
⁄  (2.17) 
  In the local search, the goal is to get τ=0, which occurs when the iteration 
converges, yielding the exact values of alpha for the unstable modes.  
2.5. How The Stability Results Will Be Used 
We follow here the approach adopted by Nash et al. (1999) in using the stability 
results to interpret the observed flow and noise field results. This approach is outlined 
here: 
 For each airfoil, boundary layer profiles were obtained for 12 chordwise 
locations on the pressure surface, shown in in Figure 2.2. 
 The growth rates calculated from stability analysis for the tonal case, shown in 
Figure 2.3. In this example the highest growth rate happens at the trailing 
edge, and is at a frequency nearly identical to the observed tonal frequency.   
 To obtain the N-Factor, the growth rates were integrated from station 1 to 
station 12 for each frequency to determine the total amplification at the 
trailing edge for each frequency.  As can be seen from Figure 2.4, the 
observed tone, measured at 0.1 m behind the airfoil trailing edge, agrees very 
closely with the most amplified frequency predicted by stability analysis.     
 The growth rate for this identified peak frequency (1048 in this example) is 
shown in Figure 2.5. The figure shows that the vast majority of growth takes 
place within the last few centimeters before the trailing edge, in the region 
where the flow has formed a separated shear layer. 
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If the amplification rates were found to be very weak, then this should lead to the 
suppression of tones, or that one or more components of the feedback-loop were missing 
and the amplification was not sufficient to initiate tonal noise generation.  
 
 
Figure 2.2. Boundary layer profile locations (Nash et al., 1999) 
 
 
Figure 2.3. Growth rates at chordwise stations (Nash et al., 1999) 
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Figure 2.4. Instability amplification at station 12 for tonal cases (Nash et al., 1999). 
 
Figure 2.5. Chordwise amplification at 1048 Hz. (Nash et. al, 1999) 
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3. Results 
 Our objective here is to understand the generation of the acoustic tones at various 
incidence angles and Re and the role of the pressure and suction sides of the airfoil. For 
this purpose, we first fix the Re at 180,000 and change the incidence angle between 0˚ to 
12˚. Then, we fix the incidence angle at 2˚ and change the Re from 144,000 to 324,000.  
The computational procedure is as follows. The ILES code is used to obtain the 
time-dependent pressure in the near-field. This is then taken as the input to the FWH code 
to predict the acoustic far-field. The base flow obtained from the simulation results is 
taken as the input to the LASTRAC code to predict the growth of disturbances as 
governed by the linear stability theory. For the ILES code, the present study uses an 
1281x789 O-grid, selected based on the grid refinement study detailed in (Golubev et al. 
2014).  The simulation is run for 720,000 iterations, corresponding to 0.26 seconds of 
physical time.  The far-field acoustic spectra are predicted at 12.5 chords above the 
trailing edge via the Ffowcs Williams-Hawkings method based on a surface at 5 chords 
from the airfoil, shown in Figure 3.1. The grid used in the high accuracy simulation is 
well resolved at this location, having more than 10 points per wavelength.  It should be 
noted that the grid extends to ±100 in both the x and y directions, but is stretched in order 
to dampen out boundary reflections.  Figure 3.1 is cropped to clearly illustrate the 
location of the control surface.  For the LASTRAC code, the boundary layer profiles are 
generated based on data extracted from the ILES code results, and analysis is carried out 
for a range of discrete frequencies between 10 Hz and 10,000 Hz. 
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Figure 3.1. Airfoil grid and control surface (purple line). 
 
3.1. Varied Angle of Attack at Re = 180,000 
We present here the results at fixed Re of 180,000, but at varied incidence angles. 
We split the range of incidence angles into what produces tones and what produces tones. 
This range is indicated by the red line on figure 2.1. 
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Filled markers represent that a tone was present, while unfilled markers 
represent that a tone was not present.  Data sources: circles (Arcondloulis et al., 
2009), triangles (Paterson et al., 1973), inverted triangles (Arbey and Bataille, 
1983), squares, (Desquesnes et al., 2007), diamonds (Lowson et al., 1994), Tonal 
envelope and maximum amplitude line (Lowson et al., 1994). 
 
Figure 3.2. Varying angle of attack for fixed Re = 180,000 (Arcondoulis et al., 2010) 
 
3.1. Tonal cases - Incidence Angle < 6˚. 
Based the collected experimental data of tonal observation presented in Figure 3.1 
it was expected that tonal noise would be observed starting at 0˚ and continuing as high 
as 6˚.  The far-field acoustic spectrum for each incidence angle is given in Figure 3.3.  
These far-field spectra were generated for an observer at 12.5 chords above the trailing 
edge by the Ffowcs Williams-Hawkings method based on a control surface at 5 chord 
lengths away from the airfoil surface using pressure fluctuation data from the ILES code 
results 
3.1.1. Tones 
Clear tonal peaks are observed in the far-field at 0˚, 2˚, and 6˚, and somewhat less 
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clearly at 4˚.  The exact frequencies and intensities of these peaks are listed in Table 2.1.  
 
Figure 3.3. Presence of tones for varied angle of attack 
 
For comparison, the near-field spectra are shown as well in Figure 3.4.  These 
spectra are taken directly from the ILES code results at 2 chords above the trailing edge. 
It can be seen from the 2˚ near-field spectrum that the 2319 Hz tone that appears in the 
far-field is actually a harmonic of the lower 1156 Hz tone that is the most prominent in 
the near-field.  Therefore, the 1156 Hz frequency will be used for comparison with the 
stability analysis.  For the other cases, the peak tones in the far-field are well matched 
with the peak tones in the near-field.   
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Table 3.1. Far-field peak tonal frequencies by case 
Angle Frequency (Hz) Intensity (dB) 
0 1550 95.7 
2 2323, 1156 85.1, 79.4  
4 1247 85.0 
6 1209 90.5 
 
 
 
Figure 3.4. Far-field acoustic spectra for cases with tonal peaks at 0°, 2°, 4°, 6°. 
 
1550 Hz 
2323 Hz 
1156 Hz 
1209 Hz 
1247 Hz 
30  
 
 
Figure 3.5. Near-field spectra of tonal cases at 0°, 2°, 4°, 6°. 
 
3.1.2. Separation Bubbles 
 Nash et al. (1999) has highlighted the importance of regions of laminar 
separation for the amplification of instabilities.  Therefore, the coefficient of friction has 
been calculated along the pressure and suction surfaces of each airfoil in order to identify 
regions of laminar separation.  The coefficient of friction is defined as 
 𝐶𝑓 =
𝜏𝑤
𝑞∞
 (3.1) 
Where τw is the wall shear stress 
 
𝜏𝑤 = 𝜇 (
𝑑𝑢
𝑑𝑦
)
𝑦=0
 (3.1) 
1546 Hz 
1156 Hz 
2319 Hz 
1209 Hz 
31  
 
Therefore, a location where Cf is negative represents a region of reversed flow in 
the boundary layer.  Table 2.2 lists the exact regions in terms of percent chord, and 
Figure 3.5 visually illustrates the location on the airfoil surface with a red line. Separation 
regions exist on both the suction and pressure surfaces for only the 0˚ and 2˚ cases.  The 
suction surface exhibits a separation region for all angles of attack.  At 0˚, this region is 
near the trailing edge and covers approximately 25% of the airfoil. As the angle of attack 
increases, this region shrinks in length and moves towards the leading edge.  The 
separation region on the pressure surface starts in the same position as that on the suction 
surface at 0˚, and moves rearward in the 2˚ case.  However, the region disappears by 4˚ 
and does not reappear. 
Table 3.2. Locations of suction and pressure side separation bubbles 
Angle Suction Side Pressure Side 
0° 70% - 96%  70% - 96% 
2° 53% - 73% 82% - 100% 
4° 35% - 48% No Separation 
6° 9% - 25% No Separation 
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Figure 3.6. Separation regions for tonal cases. 
3.1.3. Linear Stability 
 For the 0˚ case, stability analysis was conducted for frequencies ranging from 0 
to 4000 Hz by increments of 10 Hz, and the peak frequency is calculated.  Since this case 
is symmetric, only the data for the suction surface are shown.  The chordwise behavior of 
the instability growth can be seen in Figure 3.6.  The primary region of instability growth 
corresponds very well with the location of the laminar separation region, as indicated by 
the dashed blue lines.  These mark the beginning and end of the separation region, 
determined from the coefficient of friction plot shown in the bottom of Figure 3.6.  The 
presence of these separation regions can also be seen in the velocity contours, in which 
the thick blue regions indicate that the average flow velocity is less than or equal to 0 
m/s.  
As with the 0˚ case, it can be seen from Figure 3.7 for incidence angle of 2° that 
the regions of predicted instability growth correspond with the locations of the separation 
regions.  It is also clear that the growth in RMS pressure is correlated with location of 
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instability amplification.   
For 6˚, only results for the suction side are shown since there is no amplification 
on the pressure side.  Additionally, the amplification of the frequency of the acoustic tone 
is plotted for comparison. Figure 3.9 shows that although the 6375 Hz peak frequency 
predicted by stability analysis theoretically reaches a much higher amplification than the 
observed tonal peak of 1205 Hz.  It is not unstable past 20% chord and will likely be 
damped out.  The lower frequencies, although they do not reach the same amplification, 
remain unstable the entire length of the airfoil.  This is further described in Section 3.1.4. 
It is thus clear that the rapid growth of disturbance is associated with the presence of a 
separation region. The reason is that for the attached region the instability waves are the 
T-S waves associated with the viscous effects. For the separation region, the stability is 
that of the K-H type associated with velocity gradients. 
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Figure 3.7. Chordwise amplification of predicted peak for 0˚. 
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Figure 3.8. Chordwise amplification and boundary layer statistics for 2˚
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Figure 3.9. Chordwise amplification and boundary layer statistics for 4˚ 
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Figure 3.10. Chordwise amplification and boundary layer statistics for 6˚. 
 
3.1.4. Correlation Between Acoustic Tones and LST Peaks 
 Having calculated the amplification rates for various frequencies, the predictions 
of linear stability theory are compared with the observed tonal frequencies in order to 
determine how they correlate. Figure 3.11 through Figure 3.14 show the maximum 
amplification reached for all frequencies for angles 0°, 2°, 4°, and 6° respectively.  In 
these figures, the blue solid blue line is the maximum amplification reached for each 
frequency as indicated on the left axis, and the solid green line is the chordwise location 
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at which the maximum amplification is reached.  The dashed blue line indicates 
frequency for which the highest amplification is observed. For the 0° case, the peak 
frequency predicted by stability analysis is 1500 Hz, shown by the dashed black line.  At 
0˚ value most highly amplified predicted frequency agrees very well with the observed 
far-field frequency of 1550 Hz, having an error of only 3.2%. For the 2˚ case, there is a 
difference of several hundred Hz between the predicted peak amplifications for the 
suction and pressure surfaces.  The near-field tonal frequency of 1156 Hz does not agree 
with the peak frequencies predicted LST for either the suction or the pressure surface. 
However, it is a highly amplified frequency on both surfaces.  The same trend is observed 
for the 4˚ case with the exception that instability growth is very weak on the pressure 
surface due to the absence of a separation region. 
At 6˚, there is no longer any disturbance growth on the pressure side due to the 
favorable pressure gradient induced by the higher angle of attack.  Therefore, only results 
for the suction side are shown for these cases.  The predicted peak of 6375 Hz on the 
suction side is drastically different from the observed far-field tonal peak of 1209 Hz. 
However, it can be noted from the green line in Figure 3.13 that the tonal peak does fall 
within the range of frequencies that remain unstable all the way to the trailing edge.  As 
the angle of incidence increases, the disparity between these values grows larger.  
Possible reasons for these disagreements are discussed in Section 3.1.5. 
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Figure 3.11. 0˚ Amplification. 
 
Figure 3.12. 2˚ Amplification (pressure surface left, suction surface right). 
 
Figure 3.13. 4˚ Amplification (pressure surface left, suction surface right). 
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Figure 3.14. 6˚ Suction Surface Amplification. 
 
Figure 3.14 shows the maximum amplification reached at the TE for both the suction and 
pressure surface at all angles.  For the pressure surface, the amplification at the TE 
rapidly drops to 0 as angle increases due to the disappearance of the separation region, 
while amplification is still observed on the suction surface for all angles to some extent.   
 
Figure 3.15. Maximum amplification at the trailing edge. 
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3.1.5. Vortex Shedding 
Since the frequency of the most amplified instability wave does not coincide with 
tone frequency, let us examine the vortex-shedding frequency to determine if they 
correlate with the acoustic frequency. The formation of vortex shedding is demonstrated 
in the vorticity contours in Figure 3.15, which clearly illustrates the roll-up of instabilities 
into vortices, originating from the separation regions on each surface.  These vortices are 
prominent on both surfaces at 0˚ due to the flow symmetry, but vortices are not 
distinguishable on the pressure surface for 2°, 4°, or 6°.  It also appears that the pattern of 
vortices remains fairly regular to the trailing edge up to 6˚.               
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Figure 3.16. Instantaneous vorticity contours compared to time averaged velocity. 
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The vortex shedding frequency for each angle was extracted from visual 
inspection of the ILES code results compiled into movies of the pressure contours at the 
trailing edge, covering 7.3% (0.019 s) of the total simulation time (0.26 s).  An example 
of such contours is shown in Figure 3.16. 
 
Figure 3.17. 2˚ pressure contour used to calculate vortex shedding frequency. 
 
This inspection showed that the vortex shedding frequencies agree with the 
observed tonal frequencies within 2 percent error.  Therefore, it can be reasonably 
concluded that the observed tones correspond with the vortex shedding frequency, with 
acoustic waves generated as the vortices are convected past the trailing edge of the 
airfoil. The close correlation between acoustic tones and the vortex shedding frequency 
can be seen in Figure 3.17.  It also illustrates the disparity between the acoustic tones and 
the most amplified instability predicted at the trailing edge.  These results are comparable 
to those of Jones and Sandberg (2011). They performed stability analysis based on 2D 
DNS simulations of a NACA0012 airfoil at Re = 10,000 at 0˚ and 0.5˚, and found that the 
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acoustic tone was identical to the vortex shedding frequency, but was of lower frequency 
than the most amplified frequency predicted by LST. 
 
Figure 3.18. Correlation between observed and predicted frequencies 
 
3.1.6. Correlation with the Airfoil Surface Pressure 
The acoustic frequency is reflected in the surface pressure spectra as well.  
Figures 3.19 and 3.20 shows that the frequency observed in the far-field is also present in 
the wall pressure spectra.  The wall pressure spectra for 2˚, shown in Figure 3.20, reveals 
that the same peak frequencies of the pressure fluctuations are seen on both surfaces.  
However, amplitudes are significantly higher on the suction surface, indicating that the 
instabilities on this surface are the dominant source of the fluctuation growth.  
At 4° and 6˚, the frequency appear to be selected based on their sustained 
instability all the way to the trailing edge.  Linear stability results suggest that higher 
frequencies should be more highly amplified early on the airfoil surface at this angle, yet 
the same frequency is dominant at all positions.  The presence of this peak frequency at 
45  
all points on the airfoil surface indicates that this frequency has been selected and 
reinforced via the acoustic feedback loop. 
 
 
Figure 3.19. 0° Surface pressure spectra. 
 
Figure 3.20. 2˚ Surface pressure spectra. 
 
 
1156 Hz 
2319 Hz 
1546 Hz 
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At 4° and 6˚, the frequency appear to be selected based on their sustained 
instability all the way to the trailing edge.  Linear stability results suggest that higher 
frequencies should be more highly amplified early on the airfoil surface at this angle, yet 
the same frequency is dominant at all positions.  The presence of this peak frequency at 
all points on the airfoil surface indicates that this frequency has been selected and 
reinforced via the acoustic feedback loop.  This trend is clearer at 6° in Figure 3.22, but is 
still observable at 4° in Figure 3.21. 
 
 
 
Figure 3.21. Suction surface wall pressure spectra at 4˚. 
1050 Hz 
1050 Hz 
1050 Hz 
47  
 
Figure 3.22. Suction surface wall pressure spectra at 6˚. 
 
3.1.7. The Proposed Feedback Loop 
Based on the results so far, we can make the following comments on the 
mechanism for the tone generation.  These findings are discussed in the context of the 
feedback loop, which can be essential described in 4 parts, as listed below: 
1. Initial instability growth takes place with rapid amplification of instabilities 
within the separated shear layer in the separation regions, where the 
instabilities roll up into vortices. 
a. Flow separation is a necessary, but not sufficient, condition for the 
generation of tones.  Nash et al. had proposed that in order for tonal 
noise to be present, a region of separated or inflectional flow must 
1209 Hz 1209 Hz 
1209 Hz 
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exist near the trailing edge on the pressure side.  The present study 
indicates, however, that tonal noise may still be expected when there 
exists a separation region as far forward as 25 % on the suction surface 
at small incidence angles. 
b. Separation changes the nature of the instability modes from that of the 
slowly-growing TS waves associated with attached laminar BL to that 
of rapidly-growing KH instability associates with mean flow velocity 
gradient (as shown in Figure 3.6 through Figure 3.9).  This explains 
the rapid increase in the RMS of the surface pressure predicted by the 
high accuracy simulation at the separation location. 
c. The LST predicts a certain peak frequency for maximum growth. 
However, in determining this peak frequency, it is assumed that the 
initial amplitudes of all frequency components are identical. This peak 
frequency could change if the initial level of disturbance is not 
uniform and is a function of the frequency 
2. As the vortices pass the trailing edge of the airfoil, they create a scattered 
acoustic field. 
a. In all cases, the tonal acoustic frequency coincides with the peak 
frequency of the surface pressure and with the vortex shedding 
frequency (Figure 3.17), as was observed by Nash et al. (1999).   
b. The LST predicts a wide spectrum of rapidly growing flow waves; 
these waves scatter at the trailing edge and generate acoustic waves. 
The strength of the scattered acoustic waves relative to the incident 
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fluid waves decreases with increasing frequency, as postulated by 
Jones and Sandberg (2011) based on their application of Amiet’s 
(1976) theory of trailing edge noise.  Therefore, the peak frequency of 
the max scattered wave is less than the peak frequency for max LST 
growth because the process of TE scattering is more efficient at lower 
frequencies.  
3. Acoustic waves propagate upstream. 
4. The acoustic waves, through BL receptivity, selectively amplify certain 
frequencies on the airfoil surface. 
a. As a result of the BL receptivity process, the acoustic waves excite 
some frequency disturbances more than the others. Thus, the initial 
level of disturbance available to be amplified by the LST is not 
uniform and is a function of the frequency. Jones and Sandberg (2010) 
found that the receptivity process, like the TE scattering process, 
becomes increasingly efficient at lower frequencies.  This results in 
locking a certain frequency for optimum acoustic generation.    
 
It appears that linear stability alone cannot explain the mechanism of frequency selection 
within the feedback loop, but that the selection mechanism may be a complex interaction 
that depends upon the TE scattering and BL receptivity processes. 
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3.2. Non-tonal cases 
3.2.1. Acoustic-Spectra 
As expected, no tonal peaks are observed at 8˚, 10˚, or 12˚, whose spectra are 
given in Figure 3.20.  Only broadband trends are observed at these angles. 
 
Figure 3.23. Far-field acoustic spectra for cases without tonal peaks. 
 
3.2.2. Flow Separation 
No separation regions are observed on the pressure surface at 8˚, 10˚, or 12˚.  
However, compact regions of separation continue to persist on the suction surface very 
close to the leading edge, as indicated by the coefficient of friction.  At these high angles, 
the Cf near the trailing edge on the suction surface begins to approach 0, indicating that 
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the flow at the trailing edge is becoming highly unsteady due to the strengthening adverse 
pressure gradient as a result of the increased angle of attack.  At 10˚, the Cf is close to 
zero at approximately the last 30% of the airfoil.   
Table 3.3. Locations of suction and pressure side separation bubbles 
Angle Suction Side Pressure Side 
8 3% - 12% - 
10 2% - 10% - 
12 2% - 8% - 
 
 
Figure 3.24. Separation regions for cases without tones. 
 
3.2.3. The LST Results 
The stability results exhibit the same trends between 8˚ and 12˚.  Since no tones 
are observed in these cases, the lines plotted in Figure 3.22 through Figure 3.24 are 
chosen arbitrarily to represent the behavior of a range of frequencies. 
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Figure 3.25. Chordwise amplification of predicted frequencies for 8˚ 
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Figure 3.26. Chordwise amplification of predicted frequencies for 10˚ 
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Figure 3.27. Chordwise amplification of predicted frequencies for 12˚ 
 
Figure 3.23 shows that high frequencies are amplified near the leading edge, but 
do not survive further downstream, while lower frequencies continue to grow along the 
full chord length.  There is a notable change in the shape of the N vs. Frequency plots 
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between the tonal and non-tonal cases.  While the lower angle cases showed somewhat 
parabolic distributions with a single peak, Figure 3.25 through Figure 3.27 show that at 
for the non-tonal cases, all frequencies are amplified to similar levels with a relatively 
chaotic trend as frequency increases.   
 
Figure 3.28. 8˚ Amplification 
 
 
Figure 3.29. 10˚ Amplification 
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Figure 3.30. 12˚ Amplification 
 
3.2.4. Vorticity 
The change in the nature of the amplification behavior between is corroborated by the 
vorticity contours in Figure 3.28.  These contours show that at 8˚, the unsteadiness of the 
flow approaching the trailing edge causes the pattern of vortices to become less regular 
and drift upwards from the surface as they move downstream.  Additionally, it can be 
seen that at 8˚, 10˚, and 12˚, rather than the orderly formation of uniform vortices seen at 
the lower angles, the small scale turbulence appears to develop near the leading edge. As 
angle of attack increases, the unsteadiness of the flow at the trailing edge and the 
development of turbulence near the leading edge seem to be the primary cause of the 
cessation of the tones. 
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Figure 3.31. Instantaneous vorticity contours. 
3.2.5. Surface Pressure Spectra 
In contrast to the 6˚ case, Figure 3.29 shows that in the 10˚ case where no tones 
are observed, no consistent peak frequency exists at all points in the wall pressure 
spectra.   
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Figure 3.32. Suction surface wall pressure spectra at 10˚. 
 
3.2.6. Proposed Interpretation of the Disappearance of Tones 
1. With increasing incidence angles, the separation occurs on the suction surface 
towards the leading edge and its extent decreases with increasing the 
incidence angle (Figure 3.21). 
2.  The LST-calculated instability growth reaching the trailing edge is weaker for 
higher incidence angles. (Figure 3.26) 
3. The LST does not predict a well-defined peak frequency for max 
amplification, and the growth rate tends to be only weakly dependent on the 
frequency (Figure 3.26). 
4. Due to the unsteady flow near the trailing edge, the vortices to drift away from 
1056 Hz 
493 Hz 
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the airfoil surface without interacting strongly with the trailing edge.  Vortex 
shedding is not characterized by a clear shedding frequency (Figure 3.28), 
hence preventing scattering of acoustic waves of a consistent frequency at the 
trailing edge. 
3.3. Effect of Reynolds Number at 2˚ Angle of Attack 
A set of simulations were carried out for a range of Re at a fixed 2˚ angle of 
attack, as indicated by the red line in Figure 3.30, in order to investigate the role of 
instability growth on each surface as the Re changes. Results are shown for two cases:  
Re = 144,000, and Re = 288,000.   
3.3.1. Tones 
Tonal peaks were observed in the near-field spectrum for all simulations.  Figure 
3.31 and Figure 3.32 show the acoustic spectra at 2 chords above the trailing edge for the 
Re = 144,000 case and the Re = 288,000 case respectively.  These spectra are calculated 
directly from the ILES code results. At Re = 144,000, there is a primary tone at 1049 Hz 
and an apparent harmonic tone at 2093 Hz. At Re = 288,000, there is a primary tone at 
1768 Hz and harmonic tones present at 3536 Hz and 5300 Hz. 
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Filled markers represent that a tone was present, while unfilled markers 
represent that a tone was not present.  Data sources: circles (Arcondloulis et al., 
2009), triangles (Paterson et al., 1973), inverted triangles (Arbey and Bataille, 
1983), squares, (Desquesnes et al., 2007), diamonds (Lowson et al., 1994), Tonal 
envelope and maximum amplitude line (Lowson et al., 1994). 
 
Figure 3.33. Varying Re for fixed angle (Arcondoulis et al., 2010). 
 
Table 3.4. Near-field tonal frequencies. 
Reynolds  Observed Tone (Hz) 
144,000 1049 
180,000 1156 
216,000 1542 
252,000 1799 
288,000 1768 
324,000 1883 
396,000 1959 
468,000 2047 
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Figure 3.34.  Near-field spectrum for Re = 144,000. 
 
 
Figure 3.35. Near-field spectrum for Re = 288,000. 
3.3.2. Separation Regions 
As can be seen from Figure 3.34, there exist prominent separation regions on both 
surfaces of the airfoil at Re = 144,000.  However, the separation regions on the suction 
1049 Hz 
2093 Hz 
3536 Hz 
1768 Hz 
5300 Hz 
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surface appears to diminish as the Re is increased.  At Re = 144,000 the flow is separated 
from 52% to 80% (28%) chord on the suction surface.  By Re = 288,000, this region has 
been reduced significantly to the space between 57% and 64% (17%)  chord, as seen in 
Figure 3.35.   
Conversely, the separated regions on the pressure surface remain approximately 
the same size for all velocities, though the Cf becomes increasingly negative near the TE 
as the velocity increases.  The exact locations of the regions are given shown in Figure 
3.36.  
 
 
Figure 3.36. Separation Regions with Varied Re. 
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It is important to note that although the Cf no longer drops below 0 on the suction 
surface above Re = 324,000, there still exists a region where it is very close to 0 and a 
shear layer is still observed to be present, and hence the roll up of vortices is still 
observed on this surface at the highest Re observed in this study. 
  
 
Figure 3.37. Cf at Re = 268,000. 
 
Based on the observed trend of reducing size of the suction surface separation 
region with increased Re, it is expected that at some higher Re, this separation region will 
disappear entirely, leaving only the region on the pressure surface near the trailing edge, 
which has remained relatively unchanged within the range of observed Re.  
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3.3.3. The LST Results 
At Re = 144,000, the predicted amplification on the suction surface is 
significantly higher than that on the pressure surface, but by Re = 288,000, the pressure 
surface has become similarly amplified.  As seen in Figure 3.39, by Re = 468,000 the 
amplification on the pressure side has become more highly amplified for all frequencies 
below approximately 4000 Hz, which includes the observed tonal frequency.   
In Figure 3.37 and Figure 3.38, the blue lines represent the maximum 
amplification on the suction surface and the red lines represent the maximum 
amplification on the pressure surface. 
 
 
Figure 3.38. Peak N-factor for Re = 144,000. 
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Figure 3.39. Peak N-factor for Re = 288,000. 
 
Figure 3.40. Peak N-factor for Re = 468,000. 
 
Figure 3.41 through Figure 3.43 show more clearly how the amplification of the tonal 
frequency changes as Re is increased.  At the lowest Re, the tonal frequency is 
significantly more amplified on the suction surface, but at the highest Re, the 
amplification on the pressure surface is approximately twice that of the suction surface. 
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Figure 3.41. Chordwise amplification of tonal frequency for Re = 144,000. 
 
 
Figure 3.42. Chordwise amplification of tonal frequency for Re = 288,000. 
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Figure 3.43. Chordwise amplification of tonal frequency for Re = 468,000. 
3.3.4. Vorticity Contours 
As can be seen from the vorticity contours in Figure 3.44 and 3.45, the change in 
predicted amplification is reflected in the vorticity contours.  At Re = 144,000, the 
disturbances only roll up into vortices on the suction surface, while at Re = 288,000 
vortex generation can be clearly seen on the pressure surface as well.   
 
 
Figure 3.44. Vorticity contours for Re = 144,000. 
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Figure 3.45. Vorticity contours for Re = 288,000. 
3.3.5. Surface Pressure Spectra 
The wall pressure spectra at 95% chord for each case are shown in Figure 3.46. 
The spectra at Re = 144,000 show that although the same peaks are present on both 
surfaces, the peaks on the suctions surface are approximately 10dB higher than on the 
pressure surface, indicating that the suction surface is the primary contributing source for 
the tonal noise.  Conversely, at Re = 288,000, as seen in Figure 3.47, the peak pressure 
level on the pressure surface is slightly higher than that on the suction surface, indicating 
that at this higher Re, the pressure surface has a more significant role in the generation of 
tones. 
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Figure 3.46. Wall pressure spectra for Re = 144,000 
 
 
Figure 3.47. Wall pressure spectra for Re = 288,000 
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3536 Hz 
1768 Hz 
70  
3.3.6. Proposed Interpretation of the Effect of Reynolds Number 
For the incidence angle of 2˚, we have conducted the simulations for various Re. 
Our results can be summarized as follows. 
1. For a low transitional at Re = 144,000, the separation on the suction side 
happens at the forward part of the airfoil and extends over a larger domain 
than that of the separation happening at the pressure side, which is restricted 
to the trailing edge region. As such, the suction surface tends to generate 
larger flow instability waves as compared to that generated by the lower 
surface.  Thus, it is essentially the suction surface is the one contributing to 
the formation of the tonal noise. This can explain the experimental findings in 
Golubev et al. (2014), which show that at lower Re there was little difference 
in the spectrum between an untripped configuration and a configuration in 
which the pressure side was tripped to prevent the development of coherent 
instabilities on that surface.   
2. As the Re increases, the extent of the separation region on the suction surface 
decreases and its generated flow instability waves at the trailing edge becomes 
weaker. With increasing Re a situation is reached where the flow instability 
generated by the suction and pressure side are more or less equal and both 
sides can contribute equally to the formation of the tones, and later the 
pressure side may be the only contributor at this Re range.  This would 
explain the observations in Desquesnes et al. (2007) that the pressure side 
stability predictions were correlated well with the observed tone.  
3. However, since the separation region diminishes with increasing Re, and the 
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amplified flow instability weakens, there is a limit for Re beyond which no 
tones are generated. This, in addition to the flow becoming turbulent earlier, 
can explain the experimental observational that the tones disappear altogether 
at high Re. 
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4. Conclusion 
In order to better understand the mechanisms of tonal noise generation, a parametric 
study was carried out for a NACA0012 airfoil for varying Re and angles of attack.  As 
shown by the far-field spectra in Figure 3.4, at Re = 180,000 tonal noise was observed 
between 0˚ and 6˚.  It was also observed for all cases between Re = 144,000 and Re = 
324,000.  The observed flow features can be summarized as follows: 
4.1. Confirmation of results from prior studies 
1. Linear stability theory shows that there is a rapid increase in the amplification rate 
in the observed separation regions, as shown in Figure 3.7 through 3.10.  It was 
observed that laminar separation regions exist on the pressure surface up to 4˚ and 
on the suction surface up to 12˚ at Re = 180,000.  These regions: 
a. Correspond with the locations of high instability amplification, which 
explains the observed increase in RMS pressure.   
b. Provide a spectrum of various frequencies for disturbances to be amplified 
by linear instability growth or other possible mechanisms, since all 
frequencies experience rapid amplification within these regions. 
 
2. For incidence angles above 0˚, Figure 3.12 through 3.14 show that the observed 
acoustic tones did not correspond well with the most amplified frequency 
predicted by LST.  However, 
a. It is seen in Figure 3.18 that the tones correspond with the vortex shedding 
frequency for all tonal cases.  Although the initial development of 
instabilities is linear, the roll-up of vortices could be significantly affected 
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by nonlinear processes. 
b. This may be explained by the work of Jones and Sandberg (2011), in 
which it was found by the analytical application of Amiet’s theory of 
trailing edge noise that the processes of receptivity and trailing-edge noise 
generation become increasingly efficient at lower frequencies.  While LST 
can explain the initial growth of instabilities, it does not fully explain the 
mechanism of frequency selection.  It is likely that the BL receptivity and 
TE scattering mechanisms have significant roles in the selection process. 
4.2. New conclusions based on current work 
3. The presence of tones was observed to persist as long as the vortex shedding 
remained well-ordered and attached at the trailing edge.  With the cessation of 
tonal noise due to increased angle of attack, it is observed that: 
a.  The separation region has moved very close to the leading edge, as seen 
in Figure 3.24.  
b. Vortex generation gives rise to small-scale turbulence near the leading 
edge, corresponding with the stability results in Figure 3.29 which predict 
that all frequencies are similarly amplified within the separation region. 
c. The primary cause of the cessation of tones is that flow near the trailing 
edge becomes highly unsteady at the higher angles, allowing the vortices 
to drift away from the airfoil surface without interacting with the trailing 
edge, thus preventing the scattering of acoustic waves at the TE.   
 
4. At moderate incidence angles and low transitional Re (Re < 180,000), it appears 
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that the suction surface plays a key role in generating tones.  As the angle 
increases, the suction surface may become the only source tone generation. 
a. As demonstrated by the 6˚ case in Figure 3.3, tones can remain present 
despite the fact that no separation region exists on the pressure surface.  At 
this angle, it was found that the acoustic tones corresponds not with the 
globally most amplified frequency, but with a frequency that remain 
unstable and highly amplified at the suction surface trailing edge, as 
shown in Figure 3.14.  
b. In the 2˚ cases for Re = 144,000 and 180,000, where separation exists on 
both sides, the stability results in Figure 3.38 and 3.39 respectively predict 
higher amplification on the suction side than the pressure side.   
c. This is supported by the wall pressure spectra in Figure 3.46 which shows 
that the amplitude of the peak pressure fluctuation on the suction surface is 
higher than on the pressure surface. 
 
5. At higher transitional Re (Re > 288,000), we believe that instability growth on the 
pressure surface gains a larger role in tonal generation and becomes the primary 
source at sufficiently high Re. 
a. As the Re is increased at 2˚ angle of attack, the separation region on the 
suction surface diminishes, as seen in Figure 3.39, while the region on the 
pressure surface remains relatively unchanged.   
b. Likewise, Figure 3.40 indicates that stability analysis predicts an 
increasingly dominant role of instability growth on the pressure surface as 
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the Re is increased, particularly at low frequencies.   
c. This conclusion is also supported by the peak frequencies observed in the 
wall pressure spectra in Figure 3.46 and 3.47, which show that at Re = 
144,000 the suction surface pressure fluctuation has a higher amplitude, 
while at Re = 288,000 the peak pressure fluctuation on the pressure 
surface is of slightly higher amplitude.  
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5. Future Work 
There are a few areas that would be of interested for continued study in order to 
clarify and expand upon some of the findings in this study.  Jones and Sandberg (2011) 
used an analytical application of Amiet’s theory of trailing edge noise in order to show 
that the TE noise generation process and receptivity process are more efficient at low 
frequencies.  A similar analysis of the airfoil configurations studied herein would be 
appropriate to further investigate why the observed acoustic tones are lower than those 
predicted by Linear Stability theory. 
The LASTRAC stability code is also capable of performing nonlinear stability 
analysis.  It could be that the roll-up of vortices within the shear layer is significantly 
affected by nonlinear processes.  Therefore, nonlinear stability analysis may also 
elucidate the mechanism of frequency selection. 
Finally, it was also shown that as the Re increases, the separation region on the 
suction surface diminishes.  However, the cases studied did not include a Re at which this 
separation region disappeared entirely.  Analysis of the airfoil at higher Re could confirm 
this prediction and show that the tonal noise generation shifts entirely to the pressure 
surface at sufficiently high Re. 
Further work is planned with an SD7003 airfoil to investigate the effects of 
geometry on the noise mechanisms. 
The results presented here will also be compared with 3D simulations of certain 
cases in the future. 
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